The paper presents monitoring of the geodetic displacements using the M split(q) estimation method. Generally, the approach is based on a multi split functional model of geodetic observations. A typical property of M split(q) estimation is that the estimates of the controlled point coordinates are determined by using one observation set in all measurement campaigns. In this paper the authors point out that this method may be particularly useful for adjustment of the surveying network with a low level of the mutual control observations. The precise geometric leveling measurements were used as a dataset for verification of the proposed method efficacy. As a test object the Olsztyn Castle in Poland was taken. The results of the study were compared to the classical method of the least squares estimation. Experiment results showed the important advantages of method of the estimation parameters in a split functional model of geodetic observations.
INTRODUCTION
One of the most important topics in geodesy is identification of observed points' position changes using geodetic networks adjustment, known, in the geodetic terminology as displacement. The methodology of the process requires registration of the controlled point position in at least two measurement epochs (e.g. Caspary, 1988; Duchnowski, 2010; Kamiński and Nowel, 2013; Nowel and Kamiński, 2013) . Determining of the deformation indicators, such as displacements of the controlled points, is a complex process, requiring proper surveying equipment, field measurement methods and the optimal processing approach. The selection of the suitable method mainly depends on the type of observations, its accuracy, the size and type of the control geodetic network. The control networks can be divided into two main groups. In the first one, some control points are located outside of the deformation area. Those points can be considered as a stable and treated as references. In the second network type, all of the points may be displaced. In the geodetic terminology, those two groups are known as absolute networks and the relative networks, respectively (Baselga et al., 2015; Amiri-Simkooei, 2016) . In the case of the absolute control networks Cite this article as: Zienkiewicz MH, Hejbudzka K, Dumalski A: Multi split functional model of geodetic observations in deformation analyses of the Olsztyn Castle.Acta Geodyn. Geomater., 14, No. 2 (186), 195-204, 2017 . DOI: 10.13168/AGG.2017.0003
Fig. 1
The tested object -The Olsztyn Castle.
controlled points at each epoch, one can use the method of estimation parameters in a split functional model (M split(q) estimation). This paper is a continuation of the studies included in the publications (Zienkiewicz, 2014; Zienkiewicz and Baryła, 2015; Wiśniewski and Zienkiewicz, 2016) . The main aim of this paper is to present the application properties of the M split(q) estimation in deformation analysis based on geodetic levelling network. An example included in this paper suggests another potential application of the M split(q) estimation to engineering issues. Previous studies demonstrated the use of a split functional model to create the point clouds from terrestrial and airborne laser scanning (Błaszczak-Bąk et. al., 2015; Janowski and Rapiński, 2013) , coordinate transformation (Janicka and Rapiński, 2013) , direct determination of shifts between parameters (Duchnowski and Wiśniewski, 2012 Wiśniewski, , 2014 Wiśniewski and Zienkiewicz, 2016) , and determination the deformations indicators of the geodetic networks with unstable reference datum (Zienkiewicz, 2014 (Zienkiewicz, , 2015 Filipiak-Kowszyk and Kamiński, 2016; Wiśniewski and Zienkiewicz, 2016) . This method was also considered as a method of robust estimation (Wiśniewski, 2009a; Ge et. al., 2013) . In this paper we propose the application of the M split(q) estimation to monitoring the condition of the object, using any number of measurement epochs. This method based on the splitting of the conventional functional model can be considered as a supplement to the classical strategy of the displacement monitoring of the controlled points in the geodetic networks. As a tested object the Olsztyn Castle was chosen. Near its area the absolute leveling network was stabilized and measured by the precise geometric levelling to determine deformation indicators of the Olsztyn Castle. The results of five measurement campaigns unstable reference points, can be assigned to an additional functional model.
Geodetic network reliability largely depends on the number and location of redundant observations in a network (Prószyński, 1994 (Prószyński, , 1997 Yetkin and Barber, 2013) . Additional observations provide control and improve model accuracy. The reliability is determined by the network geometry. The papers (Hekimoglu et. al., 2011; Hekimoglu and Erdogan, 2012) noted that during the design of measurement network the approach based on a median to detect the points, which are the weakest and the strongest elements of the network configuration, can be used. Considering few variants of the quantity of displaced control points and creating a combination of subnetworks, it is possible to "strengthen" the weakest points of the monitored network by adding additional observations. This approach enables optimal designing of the geodetic network, however, designing both high internal and external reliability is not always possible. The unfavourable position of the monitored object is the main culprit here. This paper demonstrates such network, designed to determine the deformation of the Olsztyn Castle (Fig. 1) .
The increase in the redundant observations should improve the reliability of the observations. Lets consider an observation vector, containing the measurement results of two or several measurement epochs, 
where 
is the total f-information which is provided by the observation i y after replacing the density function 
i l f y X , at 1, 2,..., l q = and j l ≠ (Wiśniewski, 2010) . Obtaining the split potential in the whole observation vector y (global split potential), is possible by defining the product of the elementary potentials of all observations (Wiśniewski, 2010) :
The optimization problem of the M split(q) estimation is formulated on the basis of the global split potential. Namely, for each M split(q) estimates of parameters ..., q X X , for which the split potential of the whole set of observation takes the greatest value as follow: 
The optimization criterion can be replaced with its equivalent form: 
A logarithmic function built with the use of the split potential can be transformed to the informative function using the expression (4). Thus, the optimization criterion of the M split(q) estimation can be written in the following form (Wiśniewski, 2010) :
(1) ( were taken to the analysis. The conducted empirical analyzes were extended by variants involving the displacement of one and two controlled points. The obtained M split(q) estimate results were compared to the results from the least squares adjustment method (LS).
THE THEORETICAL BACKGROUND OF THE SQUARED M SPLIT(Q) ESTIMATION
In the classical estimation the following traditional functional model of geodetic observation is used
-is the theoretical corrections of the observation vector. In the M split(q) estimation method we assign observation to one of several functional models (Wiśniewski, 2008 (Wiśniewski, , 2009a (Wiśniewski, , 2009b (Wiśniewski, , 2009c (Wiśniewski, , 2010 :
where (1) ( ) ,..., q X X are the competitive versions of the parameter X , whereas (1) ( ) ,..., q v v are competing versions of the vector of the theoretical corrections for the same observation vector y . In the deformation analysis of a geodetic network, competitive functional models address one of the q measurement epochs. In the estimation process, each observation i y will be "intrinsically" assigned to the appropriate functional model. Therefore, in contrast to R -estimation and methods related to the principles of classical Mestimation, there is no need to organise the collections implementation of specific random variables. A characteristic property of the M split(q) estimation is that the competitive version of the parameters X are determined using vector y . This vector contains realizations of a several random variables (different observation epochs) with various probability distribution. In the presented method the observations which are related to the particular measuring epoch (campaign) are assigned to the suitable functional model (2). M split(q) estimation is follows the assumption that each observation i y can be assigned a q certain amount K indicating the possibility of identifying this observation with one of the random variables. This value is called the elementary split potential (Wiśniewski, 2009a (Wiśniewski, , 2010 . For the random variables with the density functions ( ; ) i f y X , the split potential for a single observation, at the parameters
, is defined as (Wiśniewski, 2010) :
indicates the cross -weighting matrices (Wisniewski, 2010) , and 1 ,...,
indicates the weight matrices of observation. Then the iterative process of the squared M split(q) estimation for m j ,..., 1 = , is as follows (Wiśniewski, 2010) :
containing the points heights in the q measurements epochs. Another important feature of the M split estimation is that during the estimation, the observations are "intrinsically" assigned to the corresponding functional model on the basis of the cross -weighting matrix. This is important in the cases where a set of observations is a set of unrecognized implementation of several random variables. This method can also be applied in the case of the observations assignment to a particular random variable is known e.g., the geodetic network measurements in several measurement epochs. In our case study the number of measurement epochs is 5 q = .
DESCRIPTION OF THE TESTED OBJECT
The control network considered was designed in the area of the Old Town in Olsztyn near the Olsztyn Castle. In this study we consider the geodetic network as absolute. The control network consists of two reference points ( p R and k R ) and twelve controlled 
In practice, in place of the arbitrary objective function the squared function is usually assumed (e.g. taking a normal distribution as a probabilistic model of measurement errors). Such special case of the parameters estimation method in the split functional model is called the squared M split(q) estimation. The optimization criterion of squared M split(q) estimation can be written in the following form (Wiśniewski, 2010) : , is a special case of the optimization criterion (11). To solve the optimization problem (11) Newton method can be used (Teunissen, 1990; Wisniewski, 2009a) . To determine the M split(q) estimators the gradient (12) and hessian (13) 
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199 Table 2 The results from the least squares method and M split (q) estimation.
No. points Least Squares Estimation
M split(q) estimation separately for each of the measurement epochs. The estimates obtained using M split(q) in the Scenario I are similar to those obtained from least square method (Table 2 ). The results of estimating the shifts between parameters for specific measurement epochs, which are presented in Table 3 , confirm the possibility of estimation of the reliable values of control point displacement by applying method of estimation of parameters in a split functional model. The individual values of the displacements of the controlled points were calculated in respect to the height estimators obtained for the first measurement epoch, ie.,
where ( Table 2 contains the results from the least squares method and M split(q) estimation. M split(q) estimators were determined using all campaigns observation, whereas the LS estimates were calculated
RESULTS
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201 Table 3 The displacements of the controlled points (Scenario I).
No. points
Least Squares Estimation M split(q) estimation artificially shifted points C and B , are presented in Figure 3 and The results show that M split(q) estimation may be considered as an alternative to the traditional methods applied to determine the controlled points displacements. This refers to the observations not disturbed by outliers. For those check new methods of geodetic observations adjustments were developed, focused on their robustness to outliers (see, eg., Baselga, 2011; Kamiński, 2011; Banaś and Ligas, 2014; Štroner et al., 2014; Třasák and Štroner, 2014;  The results of the I Scenario clearly indicate that the tested object did not deform. To verify whether the proposed strategy will give the correct results, the geodetic network should deform, the authors introduced artificial displacements of the selected points. The observations of the I Scenario were modified in such a way that estimated height of the point C (the second Scenario) and B (option III) showed subsidence of selected points between measurement epochs. Obtained shifts of the controlled points for the II and III scenarios are presented in Tables 4 and 5 . In these tables, the deformation indicators of the significantly displaced controlled points were bolded. The controlled points displacements in Scenarios II and III obtained by LS and M split(q) methods, clearly show the deformation of the geodetic network. For both strategies, the obtained displacements of the controlled points are close to the theoretical-simulated values. Displacements of the submillimetre level. However, based on the results of the I Scenario, it is difficult to assess the efficacy of this method for displacements determination since, as the results showed, in our case there were not detected important shifts during five campaigns. As no large deformation has been observed during the campaign an artificial values for one (Scenario II) or two (Scenario III) controlled points have been introduced. In such scenario the results showed that displacements of the controlled points in a function of time and it is possible to detected by applying M split(q) estimation method. The values of the height changes of the points C and B were similar to their theoretical-artificially introduced values. Thus, we can conclude that M split(q) estimation method provides reliable results of controlled points displacements, a key factor for evaluation of the monitored object condition. Wiśniewski, 2014; Durdag et al,. 2016; Osada et al., 2016) . However it is noteworthy that in the papers (Zienkiewicz, 2014; Zienkiewicz and Baryła, 2015; Wisniewski and Zienkiewicz, 2016) shown that it is possible to obtain robust Msplit estimates by using a virtual functional model.
CONCLUSION
The experiments results presented in this paper show that the method based on the split of a conventional functional model can be an alternative to the traditional methods of estimation of the displacements. The results of the numerical tests show that in the case where the vector y contains observations of several measurement epochs, the M split(q) estimation method gives similar results to the conventional least squares method. I Scenario show differences between the results of both methods on the
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